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Abstract
Wepresentarobustmethodof estimatingtheeffectivestrengthof singularities(the

effective Hölderexponent)locally at anarbitraryresolution.Themethodis motivated
by themultiplicativecascadeparadigm,andimplementedon thehierarchyof singular-
ities revealedwith thewavelet transformmodulusmaximatree. In addition,we illus-
tratethedirectestimationof thescalingspectrumof theeffective singularitystrength,
andwe link it to the establishedpartition functionbasedmultifractal formalism. We
motivateboth the local andthe global multifractal analysisby showing examplesof
computergeneratedandreallife timeseries.

1 Intr oduction

Thewavelet transform(modulusmaxima)basedmultifractal formalismdevelopedby Ar-
neodoet al in theearlynineties

��� �
hasalmostreachedthestatusof a standard.It hasbeen

extensivelyusedto testmany naturalphenomenaandhascontributedtosubstantialprogress
in eachdomainin which it hasbeenapplied

��� ��� �	� 

. Neverthelessthe respective partition

function basedmethodologyis intrinsically statisticalin nature. It providesonly global
estimatesof scaling(of themomentsof relevantquantity). While this is oftena required
property, therearecaseswhenlocal informationaboutscalingprovidesmorerelevant in-
formationthantheglobalspectrum.This is particularlytruefor time serieswherescaling
propertiesarenon-stationary, whetherit be dueto intrinsic changesin the signalscaling
characteristicsor evenboundaryeffects.In additionto this, theweightedsingularityselec-
tion providedby themomentsin thepartitionfunctionmethodalsoleadsto thesmoothing
of the obtainedsingularityspectra.This canhide interestingandrelevant informationin
the shapeof the spectrum.This informationcanbe accessedwhenthe spectrumof the
singularstructuresis evaluateddirectly from thehistogramsof thesingularitystrength.In
a traditionalsetting,theestimationof bothlocal singularitystrengthsandtheir spectrahas
theproblemof beingveryunstableandproneto grossnumericalerrors.

However, with thehelpof thewavelettransformmultiscaledecompositionweareable
to provide stableproceduresfor both the local exponentandits global spectrum.In par-
ticular, weaddresstheproblemof theestimationof the local scalingexponentthroughthe
paradigmof themultiplicativecascade.We revealthehierarchyof thescalingbranchesof
thecascadewith thewavelet transformmodulusmaximatree,which hasprovento bean
excellenttool for thepurpose

�	� �
. Contraryto the intrinsically unstablelocal slopeof the

maximalines, this estimateis robustandprovidesa stable,effective singularitystrength,
local in scaleandposition- theeffective Hölderexponentestimate

�
. Fromthis we make

anattemptto derivethemultifractalspectradirectlyfrom log-histogramscalingevaluation,
linking the local analysiswith theglobalmultifractalspectraapproach.Almost asstable
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astheglobalscalingestimatesfrom thepartitionfunctionmethod,thedirecthistogramof
the effective singularitystrengthprovidesconsiderablymoreinformationaboutthe rela-
tive densityof local scalingexponentsandit mayprove to beaninterestingalternative in
multifractalspectraestimation.

Thestructureof thepaperis asfollows. In section2, we focuson therelevantaspects
of thewavelet transformation,in particulartheability to characterisescale-freebehaviour
throughthe Hölder exponent. Togetherwith the hierarchicalscale-wisedecomposition
providedby thewavelettransform,thiswill enableusto revealthescalingpropertiesof the
treeof themultiplicative cascadingprocess.In section3, we introducea technicalmodel
enablingusto estimatethescale-freecharacteristic(theeffectiveHölderexponent)for the
branchesof sucha process.In section4, we usethe derived effective Hölder exponent
for the local temporaldescriptionof the time seriescharacteristicsat a given resolution
(scale).Thisis followedbyananalysisof distributionsof localh andthe(scaling)evolution
of the log-histogramandits relationto the standardpartition function basedmultifractal
formalism. We motivateboth the local and multifractal analysisby showing examples
of generatedand real life time series. Section5 closesthe paperwith conclusionsand
suggestionsfor futuredevelopments.

2 Continuous Wavelet Transform and its Maxima Usedto Reveal the Structur e of
the Time Series

The recentlyintroducedWavelet Transformation(WT),

	� ���

providesa way of analysing
the local behaviour of functions. In this, it fundamentallydiffers from global transforms
liketheFourierTransformation.In additionto locality, it possessestheoftenverydesirable
ability of filtering thepolynomialbehaviour to somepredefineddegree.Therefore,correct
characterisationof timeseriesis possible,in particularin thepresenceof non-stationarities
like globalor local trendsor biases.Oneof themainaspectsof theWT which is of great
advantagefor our purposeis the ability to reveal the hierarchy of (singular)features,in-
cludingthescalingbehaviour.

�
Conceptually, the wavelet transformationis a convolution productof the time series

with thescaledandtranslatedkernel- thewavelet
�������

, usuallya ������� derivative of a
smoothingkernel � ��� � . Usually, in theabsenceof othercriteria,thepreferredchoiceis the
kernelwhich is well localisedbothin frequency andposition. In this report,we chosethe
Gaussian� ��� �"!$#	%'&(� � � �*),+ � asthesmoothingkernel,which hasoptimal localisationin
bothdomains.

Thescalingandtranslationactionsareperformedby two parameters;thescaleparam-
eter - ‘adapts’thewidth of thewaveletkernelto themicroscopicresolutionrequired,thus
changingits frequency contents,andthelocationof theanalysingwaveletis determinedby
theparameter. : /10 � -324. �5!76- 8:9; 9=< � 0 �����5��� � �>.- � 2 (1)

where -324.�?A@ and -CBED for thecontinuousversion(CWT).
In figure 1, we show the wavelet transformof a randomwalk sampledecomposed

with the Mexican hat wavelet - the secondderivative of the Gaussiankernel. From the
definition, the transformretainsall of the temporallocality properties- the positionaxis
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Figure1: ContinuousWaveletTransformrepresentationof therandomwalk (Brownianprocess)timeseries.The
waveletusedis theMexicanhat- thesecondderivative of theGaussiankernel.Thecoordinateaxesare:positionF , scalein logarithm GIH�JLKNM4O , andthevalueof thetransformP>KNM	Q F O .
is in the forefront of the 3D plot. The standardway of presentingthe CWT is usingthe
logarithmicscale,thereforethe scaleaxis pointing ‘into the depths’of the plot is log(s).
Thethird verticalaxisdenotesthemagnitudeof thetransform

/ � -,2R. � .
The 3D plot shows how the wavelet transformrevealsmore and moredetail while

going towardssmallerscales,i.e. towardssmaller SUT3V � - � values. Therefore,the wavelet
transformis sometimesreferredto asthe‘mathematicalmicroscope’

�
, dueto its ability to

focuson weaktransientsandsingularitiesin thetime series.Thewaveletuseddetermines
theopticsof themicroscope;its magnificationis variedby thescalefactor - .
2.1 AssessingSingularBehaviourwith theWaveletTransformation

Quite frequentlyit is the singularities,the rapid changes,discontinuitiesand frequency
transients,andnot thesmooth,regularbehaviour which areinterestingin the time series.
Let us,therefore,demonstratethewavelet’sexcellentsuitabilityto addresssingularaspects
of theanalysedtimeseriesin a local fashion.Thesingularitystrengthis oftencharacterised
by theHölderexponent.

If thereexistsapolynomial WYX of degree�[Z=� , suchthat\ 0 ����� �>W]X ��� � � � � \_^a`b\ � � � � \ c 2 (2)

thesupremumof all � , suchthat theabove relationholds,is termedtheHölderexponent� ��� � � ? � �d2e�gf 6 � of the singularityat
� � . WYX canoften be associatedwith the Taylor

expansionof
0

around
� � , but Eq. 2 is valid evenif suchanexpansiondoesnot exist

���
.

TheHölder exponentis thereforea functiondefinedfor eachpoint of
0

, andit describes
thelocal regularityof thefunction(or distribution)

0
.

Let ustake thewavelet transform
/ih Xkj 0 of thefunction

0
in
�l!1� � with thewaveletof

at least� vanishingmoments,i.e. orthogonalto polynomialsup to degree� :
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8nm(9; 9 � o������ � < �A! D p�ql2dD ^ qrZ��[s
For thesakeof illustration,let usassumethatthefunction

0
canbecharacterisedby Hölder

exponent� ��� � � in
� � , and

0
canbelocally describedas:0 ������t*u"!wv � f v � ��� � � � � fws�s�sxf v X ��� � � � � X f `b\ � � � � \ c h t u j s

Its wavelet transform
/ih X,j 0 with the wavelet with at least � vanishingmomentsnow

becomes: / h Xkj 0 � -,2 � � �y! 6- 8 `b\ � � � � \ c h t�u j �z� � � � �- � < �! `b\ - \ c h t u j 8 \ � { \ c h t u j �z��� {�� < � { s
Therefore,we have the following power law proportionalityfor thewavelet transformof
the(Hölder)singularityof

0 ��� � � :/ h Xkj 0 � -32 � � �}| \ - \ c h t*u j s
Note: One shouldbearin mind that the above relation is an approximatecasefor

whichexacttheoremsexist
�4�

. In particular, wewill restrictthescopeof thispaperto cusp
singularitiesfor which the local andpointwiseHölder exponentsareequal

���
. Thuswe

will not take into considerationthe chirp or ‘oscillating’ singularities(e.g
� ~ -���� � 6 ) ����� )

requiringtwo exponents
����� ���

. Nevertheless,it is sufficient for ourpurposeto statethatthe
continuouswavelet transformcanbe usedfor characterisingthe cuspsingularitiesin the
timeseriesevenif maskedby thepolynomialbias.

It canbe shown
���

that for cuspsingularities,the locationof the singularitycanbe
detected,andtherelatedexponentcanberecoveredfrom thescalingof theWaveletTrans-
form, alongthe so-calledmaximaline, converging towardsthesingularity. This is a line
wherethewavelet transformreacheslocal maximum(with respectto thepositioncoordi-
nate).Connectingsuchlocalmaximawithin thecontinuouswavelettransform‘landscape’
givesriseto theentiretreeof maximalines.As weshow in thefollowing subsection,it ap-
pearsthatrestrictingoneselfto thecollectionof suchmaximalinesprovidesa particularly
usefulrepresentationof theentireCWT.

Let us considerthe following setof examplesof simplesingularstructures,seefig-
ure 2a; a singleDirac pulseat � � 6 D +L� � , the saw tooth consistingof an integratedHeav-
iside stepfunction at � � + D ��� � , andthe Heaviside stepfunction for � ��� D_� + m � , where f
denotestheright-handlimit. TheHölderexponentof aDiracpulseis � 6 by definition.For
cuspsingularities,theprocessof integrationanddifferentiationrespectively addsandsub-
tractsonefrom theexponent.We, therefore,have � ! D for theright-sidedstepfunction� ��� D_� + m � and � ! 6 for theintegratedstep� � + D ��� � .

Thesevaluescanalsobe verified in the scalingof the correspondingmaximalines.
We obtainthe(logarithmic)slopesof themaximavaluesverycloselyfollowing thecorrect
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Figure2: Left: thetestsignalconsistingof theDirac pulse ��K������R��O , thechangein slope- integratedHeaviside
stepI(2048),andtheHeavisidestepH(3072).Right: the log-log plot of themaxima,togetherwith their respec-
tive logarithmicderivatives, correspondingto all threesingularities: ��K������R��O , I(2048) andH(3072). Lines of
theoreticalslopearealsoindicated;theseare � F for ��K������R��O , F for I(2048)anda constantfor H(3072). The
waveletusedis theMexicanhat.

valuesof theseexponents,seefigure 2b. This, of course,suggeststhe possibility of the
estimationof theHölderexponentof cuspsingularitiesfrom theslopeof themaximalines
approachingthesesingularities.An importantlimitation is, however, the requirementfor
the singularitiesto be isolatedfor this procedureto work. Note that the scalingof the
maximalinesbecomesstablein thelog-logplot in figure2 right, only below somecritical
scale -x���4��� , below which the singularitieseffectively becomeisolatedfor the analysing
wavelet. Indeed,thedistancebetweenthesingularfeaturesin thetesttimeseriesin figure2
left equals6 D +L� , whichis in theorderof threestandarddeviationsof theanalysingwavelet
at

� S�T,V � -x���e�U� ��!�� s � �=! SUT3V � 6 D +k�_) �3� . This examplelargely simplifies the issuesince
the singularstructuresareof the samesize,resultingin onecharacteristicscaleat which
they appearin thewavelet transform.Also, generally, thescalingof themaximalinesfor
otherthanthepresentedsimpleexampleswill not follow a straightline even for isolated
singularities.Still, therateof decreaseof (thesupremumof) therelatedwavelettransform
maximumwill beconsistent,thusallowing theestimationof � .

2.2 WaveletTransformModulusMaximaRepresentation

Thecontinuouswavelet transformdescribedin Eq. 1 is anextremelyredundantrepresen-
tation,muchtoo costly for mostpracticalapplications.This is thereasonwhy other, less
redundantrepresentations,arefrequentlyused.Of course,in goingfrom high redundancy
to low redundancy (orevenorthogonality),certain(additional)designcriteriaarenecessary.
For our purposeof analysisof thelocal featuresof time series,onecritical requirementis
thetranslationshift invarianceof therepresentation;nothingotherthantheboundarycoef-
ficientsof therepresentationshouldchange,if thetimeseriesis translatedby some� �

.
A usefulrepresentationsatisfyingthis requirementandof muchlessredundancy than

theCWT is therepresentationmakinguseof thelocal maximaof theWT assuggestedin
theprevioussection.Suchmaximainterconnectedalongscalesform theso-calledWavelet
TransformModulusMaxima(WTMM) representation,seeFig. 3, first introducedby Mal-
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. In additionto translationinvariance,theWTMM alsopossessestheability to char-
acterisefully thelocal singularbehaviour of timeseries,asillustratedin theprevioussub-
section.

Moreover, thewavelettransformandits WTMM representationcanalsobeshown to
be invariantwith respectto the rescaling/renormalisationoperation

��� ��� ����� ���
. This prop-

erty makesit anidealtool for revealingtherenormalisationstructureof the(hypothetical)
multiplicativeprocessunderlyingtheanalysedtimeseries.

Supposewe have the time series
0

invariantwith respectto somerenormalisation
operation� : 0 ! � 0 s
The wavelet transformof

0
will, for a certainclassof � , in particularfor multiplicative

cascades,show theinvariancewith respectto anoperator�$��� ; � . Thiscanberecovered
from theinvarianceof thewavelettransformof   :/ � 0 �}! � / � 0 �
andin particularfrom theinvarianceof (thehierarchyof) theWTMM tree

���	� �
.

2.3 MultifractalFormalismon theWTMMTree

TheWTMM treehasbeenusedfor definingthepartition functionbasedmultifractal for-
malism

�
. It usesthemoments¡ of themeasuredistributedon theWTMM treeto obtain

thedependenceof thescalingfunction ¢ � ¡ � on themoments¡ :£ � -32e¡ �}| -*¤ h�¥ j s
The

£ � -32e¡ � is thepartitionfunctionof the ¡ -th momentof themeasuredistributedoverthe
wavelettransformmaximaat thescale- considered:
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£ � -324¡ �¦!i§¨ h�© j � /10«ª � � - ��� ¥ 2 (3)

where¬ � - �¦!®­ ª � � - �R¯ is thesetof all maxima
ª � � - � atthescale- , satisfyingtheconstraint

ontheirlocal logarithmicderivativein scale
���

. (Thelocalslopeboundusedthroughoutthis
paperis

\�°� \_^ +
.)

Intuitively, sincethe moment ¡ hasthe ability to selecta desiredrangeof values:
small for ¡:Z±D , or large for for ¡�B²D , the scalingfunction ¢ � ¡ � globally capturesthe
distribution of theexponents� ��� � - weakexponentsareaddressedwith largenegative ¡ ,
while strongexponentsaresuppressedandeffectively filtered out. For the largepositive¡ , theoppositetakesplace(andstrongexponentsareaddressedwhile weekexponentsare
effectively filteredout).

This dependencemay be linear, indicating that there is only one classof singular
structuresandrelatedexponent,or it canhave a slopenon-linearlychangingwith ¡ . In
the latter case,the local tangentslope to ¢ � ¡*³ � will give the correspondingexponent,
i.e. � � ¡x³ � , with its relateddimensionmarkedon theordinateaxis

` ! � � � � ¡*³ ��� , where¢ � ¡*³ �´! � � ¡x³ � ¡*³"f `
. Thesetof values

`
, i.e. dimensions� � � � ¡*³ ��� for eachvalueof� selectedwith ¡*³ is theso-calledspectrumof thesingularities� � � � of thefractalsignal.

Formally, thetransformationfrom ¢ � ¡ � to � � � � is referredto astheLegendretransforma-
tion:

< ¢ � ¡ �< ¡ ! � � ¡ � 2� ��� � � ¡ ���µ! ¡¶� � ¡ � �[¢ � ¡ � s
Notethateventhoughthemethodusesthemaximatreecontainingfull local informa-

tion aboutthe singularities,this is lost at the very momentthe partition function is com-
puted.Therefore,thereis noexplicit local informationpresentin thescalingestimates;¢ , �
or � , andall theseareglobalstatisticalestimates.Thisis alsowherethestrengthof thepar-
tition functionmethodlies - globalaveragesaremuchmorestablethanlocal information
andin somecasesall thatit is possibleto obtain.

Indeed,it is generallynot possibleto obtainlocal estimatesof thescalingbehaviour
other thanin the caseof isolatedsingularstructuresfrom the WT. A typical exampleof
the evolution of the maximumline alongscaleis shown in Fig. 4a. It is not possibleto
evaluatethe slopeof the plot, not even on the selectedrangeof scales.This is why we
introduced

�
an approachcircumventingthis problemwhile retaininglocal information-

a local effective Hölderexponentin which we modelthesingularitiesascreatedin some
kind of acollectiveprocessof a verygenericclass.

3 Estimation of the Local, EffectiveHölder ExponentUsing the Multiplicati ve Cas-
cadeModel

We have shown in the previous sectionthat the wavelet transformand in particular its
maximalines canbe usedin evaluatingthe Hölder exponentin isolatedsingularities.In
mostreal life situations,however, the singularitiesin the time seriesarenot isolatedbut
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denselypacked. The logarithmicrateof increaseor decayof the correspondingwavelet
transformmaximumline is usuallynotstablebut fluctuateswildly, in additionoftenmaking
estimationimpossibledue to divergenceproblemswhen the valueof the WT along the
maximumline approacheszero.
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Figure4: Left: it is impossibleto evaluatethe scalingexponentfor anarbitrarymaximumline participatingin
a complex process:a real life exampleof a maximumline. Right: the local effective Hölderexponentestimate
takesthe effective differencein the logarithmof the densityof the processwith respectto the logarithmof the
scaledifferencegainedalongtheprocesspath.

As aremedyfor theproblemof divergingmaximavaluesin log-logplots,weusedthe
procedureof boundingthelocal Hölderexponent

���
to pre-processthemaxima.Thecrux

of themethodlies in theexplicit calculationof theboundsfor the(positive andnegative)
slope locally in scale. The partsof the maximalines for which the slopeexceedsthe
boundsimposedaresimply not consideredin thecalculations.

���
. For example,compare

in figure2 theexamplelog-logslopesabovethecritical scale-x���e�U� , wherethesingularities
canno longerbeconsideredasisolated.In particular, notethat the local slopenearscaleS�T,V � - �[!¸·

and SUT3V � - �>! � reaches¹´º . Suchdiverging slopesare thresholdedand
removedby applyingtheboundingprocedure.In this exampleandthroughoutthis paper,
weuse

\�°� \ Z +
boundon thelocalslope

°� of eachmaximum.Theoutputof thisprocedure
is, therefore,the set of non-diverging valuesof the maximalines correspondingto the
singularitiesin thetimeseries.

In figure 5, we show the effect of the procedureon the distribution of the maxima
valuesfor a fixedscale- !®�

, for a fractionalBrownianmotion(fBm) recordwith H=0.6.
Theunboundeddistribution hasa Gaussianshapeasexpected,which shows asa parabola
in the logarithmicplot in 5a. Boundinglocal slopesto

\ °� \ Z +
resultsin a rapiddecayof

smallvaluesof maximatowardsthelimit of D value,seethefilled histogram,thusmaking
negative momentswell defined. » In figure5b, we verify in log-log coordinatesthat the
decayof thesmallvaluesfollowsa power law.

Evenwith thedivergingpartsof themaximaremoved,generallyit is still notpossible
to obtainlocalestimatesof thescalingbehaviour otherthanin thecaseof isolatedsingular
structures.Typically, seefigure4a,theWT maximavaluesstronglyfluctuate,with thelocal
slopechangingfrom point to point. While it is notpossibleto evaluatetheslopeof theplot,
notevenontheselectedrangeof scales,thefluctuationsactuallycarryinformationveryrel-¼

Note that removing thediverging maximapartsis only necessaryfor thepartition functionmethod,not for
theeffective Hölderexponentandtherelateddirectspectra.Sincewewantto comparethetwo, wepreprocessthe
datain thesameway.
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evantto thescalingpropertiesof theprocessunderlyingtheorigin of theinputtimeseries

�
.

As mentionedabove,theWT hastheability to capturetherenormalisationprocess(hypo-
thetically)pertinentto thetimeseriesanalysed.Thebehaviour of themaximalinesclosely
follows both the hypotheticalproduction(multiplicative) rule and its branchingprocess.
Basedon this,a localeffectiveHölderexponentapproachhasbeensuggested

�
, to provide

a model-basedapproximationof the local scalingexponent,i.e. singularitystrength.The
modelusedis exactly of the type which canbe revealedby the WT - the multiplicative
cascadeprocess,astraightforwardgeneralisationof thebinomialmultiplicativeprocess.

3.1 MultiplicativeCascadeModel

Letustakethewell-knownexampleof theBesicovitchmeasureontheCantorset
��


. Theset
of transformationsÈ���2d�¦? ­ 6 2 + ¯ describingtheBesicovitch constructioncanbeexpressed
as: Èz� 0 �����}!ÊÉ � 0 � � f�. �v � �
with thenormalisationrequirement: É � f É � ! 6 s (4)

Additionally, weputconditionsensuringnon-overlappingof thetransformations:6 f:. �v � Z D"f�. �v �
while all therespectivevalues. � ) v � 2R. � ) v � 2 v ; �� 2 v ; �� arefrom theinterval

� D�2 6 � .
For equalratios,

É � !nÉ � ! 6 )k+ and
v � !wv � !w�

with . � ! D and . � ! +
, we recover

themiddle-third,homogeneousdistributionof themeasureon theCantorset.We have the
non-homogenous,multifractalBesicovitch measurefor non-equal

É � , seeFig. 6a. Finally,
for non-equal

É � , regardlessof thenormalisationEq 4 andwith
v � !1v � ! +

with . � ! D
and . � ! 6 , wehave themultiplicativecascadeon(0..1)interval, seeFig. 6b.
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Eachpointof thiscascadeisuniquelycharacterisedby thesequenceof weights
� - � s�sUsI- X �

takingvaluesfrom the(binary)set
­ 6 2 + ¯ , andactingsuccessively alonga uniqueprocess

branchleadingto this point. Supposethat we denotethe densityof the cascadeat the
generationlevel   � ( � runningfrom D to qAÕ � ) by Ö �   � � , we thenhaveÖ �   o » t �}!ÊÉ ©�× sUs�s É ©�Ø Ö �   � �Ù! W´Ú,Û]Ü�ÝÚ u Ö �   � �
andthelocalexponentis relatedto theproductW´Ú3Û(Ü�ÝÚ u of theseweights:

� Ú uÚ Û(Ü�Ý ! S�T,V � W´Ú Û]Ü�ÝÚ u �SUT3V ��� 6 ),+ � o » t � �lS�T,V ��� 6 ),+ � � � s
In any experimentalsituation,theweights

É � arenotknownand �«� hasto beestimated.
Thiscanbesimplydoneusingthefactthatfor themultiplicativecascadeprocessof thekind
just described,theeffective productof theweightingfactorsis reflectedin thedifference
of logarithmicvaluesof thedensitiesat   � and   o » t alongtheprocessbranch:��Ú uÚ Û(Ü�Ý ! S�T,V � Ö �   o » t3�e� �lS�T,V � Ö �   � ���SUT3V ��� 6 ),+ � o » t � �lS�T,V ��� 6 ),+ � � � s
Thedensitiesalongtheprocessbranchcanbeestimatedwith thewavelettransform,using
its remarkableability to reveal theentireprocesstreeof a multiplicative process

�
. It can

beshown thatthedensitiesÖ �  Y� � canbeestimatedfrom thevalueof thewavelettransform
alongthe maximalines correspondingto the given processbranch. The estimateof the
effectiveHölderexponentbecomes:Þ� ©�ß4à©�áIâ ! S�T,V � /10«ªäã�å � -�æUç �e� �[SUT3V � /10«ªäã�å � - c � ���SUT3V � - æUç � �[SUT3V � - c � � 2
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Figure7: Left: theprojectionof themaximalinesof theWT alongtime. Themeanvalueof theHölderexponent
canbeestimatedfrom the log-log slopeof the line shown. Also, the beginningof thecascadeat themaximum
scaleM4è�é is indicated.Right: themaximaat thesmallestscaleconsideredareshown in theprojectionalongtime.
Theeffective Hölderexponentcanbeevaluatedfor eachpoint of themaximumline at Meê ë scale.Two extremal
exponentvaluesareindicated,for minimumandmaximumslope.

where
/10«ª ã�å � - � is thevalueof thewavelet transformat thescale- , alongthemaximum

line
ª ã�å

correspondingto thegivenprocessbranch.Scale- æUç correspondswith generation  o » t , while - c � correspondswith generation  � , seeFig. 4.
For theestimationof � , we need - c � and

/10«ª(ã�å � - c � � . We can,of course,pick any
of therootsof thesub-treesof theentiremaximatreein orderto evaluateexponentsof the
partialprocessor sub-cascade.But for theentiresampleavailablewe mustusetheentire
treeandfor thispurpose,wecanonly doaswell astakingthesamplelengthto correspond
with - c � , i.e.: - c �]ìí-*î�ï ! S�T,V � �dÕ�q É«ð�ñxòÙñ ��ó_��� � s
Unfortunately, thewavelettransformcoefficientsat thisscaleareheavily distortedby finite
sizeeffects.This is why weestimatethevalueof

/10«ª ã�å � - c � � usingthemean� exponent.

3.2 Estimationof theMeanHölderExponent

For a multiplicative cascadeprocess,a meanvalueof the cascadeat the scale - canbe
definedas: ô � - �}! £ � -32 6 �£ � -32eD � 2 (5)

wherethe
£ � -32e¡ � is thepartitionfunction,Eqn3 of the ¡ -th momentof themeasuredis-

tributedover thewavelettransformmaximaat thescale- considered.
This meangives the direct possibility of estimatingthe meanvalueof the local Hölder
exponentasa linearfit to

ô
: SUT3V � ô � - ���¦!1õ�öSUT3VÙ-÷f ` s (6)

11



We will not, however, usethe definition 5 sincewe want the Hölder exponentto be the
localversionof theHurstexponent.Thiscompatibilityis easilyachievedwhenwetakethe
secondmomentin thepartitionfunctionto definethemean

õ� { :ô {ø� - �¦!1ù £ � -32 + �£ � -32eD � s
Therefore,weestimateourmeanHölderexponent

õ� { from Eq.6 substituting

ô
with

ô {
.

Theestimateof the local Hölderexponent,from now on to bedenoted
Þ� ��� � 24- � or just

Þ� ,
now becomes: Þ� ©�ú�û©�áIâ |! S�T,V � /10 � - æ�ç �e� � � õ� { SUT3VÙ-µf ` �S�T,V � -�æUç � �[S�T,V � -xî3ï � s
4 Employing the EffectiveHölder Exponentin Local and Global SpectraEstimation

An estimatedlocal
Þ� ��� � 24- � canbe depictedin the temporalfashion,for examplewith a

backgroundcolour, aswe have donein figure 8. The first exampletime seriesis a com-
putergeneratedsampleof fractionalBrownian motion with ü ! Dýs · . It shows almost
monochromaticbehaviour; centredat ü ! Dýs · thecolourgreenis dominant.Thereare,
however, several instancesof darker greenandlight blue, indicatinglocally smoothcom-
ponents.

The secondexampletime seriesis a recordof the �dþ´W � D3D index from the time pe-
riod [1984-1988].Therearesignificantfluctuationsin colourin thispicture,with thegreen
colourcentredat ü ! D�s � , indicatingbothsmootherandroughercomponents.In partic-
ular, onecanobserve anextremalredvalueat the ’87 crashcoordinate,followedby very
roughbehaviour (a ratherobvious fact, but to the bestof our knowledgenot reportedto
datein therapidlygrowing coverageof this timeseriesrecord)

�e�
.

Thethird exampleis a real life biologicaltime seriesandcomesfrom aphids.This is
thetemporalrecordof electricalresistance,a‘penetratiogram’,reflectingthepenetrationof
thetongueof theaphidthroughtheplantcell wall. Weattemptto characterisethedifferent
regionsof thetimeseries,visibleasanumberof hierarchical‘pits’ of certaindepthswithin
the signal. With greenfocusedat the meanHurst exponent ü ! D�s � , the result quite
convincingly shows thepatchydifferencein characterisationof thepits at (two) different
levelsof pit hierarchy. Stripesof a differentcolourspectrumindicatea high level of non-
stationarityof

Þ� distribution. Notethattheobviousamplitudedifferencedoesnot influence
thecolour in theplot duethe fact thatconstantoffset is filteredout by thewaveletused-
thecolouris dueto agenuinedifferencein thelocalscalingexponent.

Thelastexampleshowsarecordof heartbeatintervalsrecordedfrom ahealthyhuman
heart. Contraryto the two previous exampleswhich show a high degreeof localisation
(or non-stationarity)of theexponentstrength,this plot shows an intricatestructureof in-
terwoven singularitiesat variousstrengths.This behaviour hasbeenrecentlyreported



to correspondwith the multifractal behaviour of the heartbeat.The greenis centredatÞ� ! D�s 6 .

Note that theseexamplesareonly meantfor illustrationpurposes.A detaileddiscus-
sionof theimplicationsof thelocal

Þ� analysisappliedwill appearelsewhere.
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Figure8: Exampletime serieswith local Hurst exponentindicatedin colour. From top to bottom: fBm withÿ ÂA�*Ò Å , a recordof S&P500index, penetratiogramof aphids,andthelastis therecordof healthyheartinterbeat
intervals. Thebackgroundcolour indicatestheHölderexponentlocally, centredat theHurstexponentat green,
colourgoestowardsbluefor higher �¿ andtowardsredfor lower �¿ . Localslopeboundsfor all theplots ½I¾¿ ½ � � .
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4.1 Log-histogramsof theEffectiveHölderExponent

Let us for now, insteadof selectingone
Þ��� � - � valuebandacrossscalesandanalysingits

scaling,grouptheestimatedlocalscale-wise
Þ� ��� � 2R- � into histogramsfor eachscalevalue,

usingbin size � centredat � .

Wewill analysehistogramsof
Þ� , takingthelogarithmof themeasurein eachhistogram

bin. This conservesthemonotonicityof theoriginal histogram,but allows us to compare
the log-histogramswith the spectrumof singularities� � � � . Thereis a direct correspon-
dencebetweenour log-histogramsandthe � � � � throughthescalingof themeasure� � � - �
in the bin of size � of the histogram. Estimationof the rateof growth of this measure,
would in factbean identicalprocedureto thescalingestimatefor each� wide bandof

Þ� ,
asdiscussedin theprevioussubsection.

Thereis, however, a substantialamountof informationin the log-histogramat a par-
ticular scalewhich can be analysedwithout performingthe scalinganalysis. The log-
histogramshows the relative probability densityof the Hölder exponentper scale. As-
sumingthat the scalingof log-histogramis linear in log-log scale,the shapeof the log-
histogramremainsinvariantacrossscalesandconvergestowardsthe shapeof the � � � � ,
exceptfor ‘normalisation’of themaximumof W � Þ� � , whichcorrespondswith thescalingof
thezerothmomentin thepartitionfunctionmethod.(Notethatthescalingassumptioncan
be verifiedbothby analysingthescalingof the momentsandby the scalingof the

Þ� bin
contentswhichwill bedonein thefollowing subsection.)This is why in figure9, weshow
thenon-normalisedhistogramsfor differentscalevalues,andcomparethemto the � o � � �
spectrumobtainedwith thepartitionfunctionmethod.

For threeexampletimeseries,weshow in figure9 log-histogramsof theexponent
Þ� at

differentscales.Thetimeseriesconsideredareawhitenoisesample,afractionalBrownian
motion with ü ! Dýs · , and a recordof the S&P index. Startingat the top, the row of
histogramsis madefor thescaleS�T,V � - ��� � s � , followedby histogramsfor SUT3V � - ��� 6 s · .
The upperhistogramsshow considerablefragmentation.Several modesbecomevisible
andfor all thescalesabove this scale,the fluctuationswill dominatethe distribution and
consistentstatisticalbehaviour will becomedispersed.On thecontrary, while descending
in scale,the bulk of consistentbehaviour convergesto onedistribution. The consistent
statisticalbehaviour is alsocapturedin the � o � � � spectrumobtainedwith the partition
functionmethodshown in thebottomrow of figure9.

Severalaspectsof the � o � � � versusW � Þ� � alreadydiscussedby others
�4�	� �4��� ���

arevis-
ible in theplots.The W � Þ� � evidentlycontainsmoreinformationthan � o � � � , in particular,� o � � � is aconvex hull over the W � Þ� � . This is particularlyvisible in thesecond(andthird)
sample,wherea pair of extremal

Þ� values,disconnectedfrom the distribution, corrupts
the � o � � � spectrum.It canbeverifiedthroughanalysingthecorrespondingmaximathat
thesevaluesaretheendof thesampleartifactsandthusdo not belongto thedistribution.
Suchmaximacan,of course,beremovedprior to � o � � � evaluation,but wekeptthemfor
thepurposeof illustration: the W � Þ� � evidentlyshowsthatthesevaluesdisconnectfrom the
bulk of thedistribution,while � o � � � is inherentlyunableto doso.
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Figure9: Two setsof �¿ histogramsfor respective scalesGIH�JLK MeO
	aÆ*Ò � , GIH�JLK MeO�	í��Ò Å , in top first andcentre
row. Below, in the bottomrow, the ��
"K ¿ O spectrumobtainedwith the partition function method(moments�(Ã ����� Ã ). Left column: for �	����Å samplesof white noise. Centre: �	����Å samplesof fractionalBrownian
motionwith

ÿ Â>�*Ò Å . Right: S&P 500index, first 4096samplesfrom figure8. Local slopeboundsfor all the
plots ½I¾¿ ½ � � .
4.2 Scale-wiseEvolutionof theEffectiveHölderExponent

In additionto onescaleplot showing the colour spectrumof singularbehaviour, we can
alsoseethescalepositionlocationswheretheeffectiveHölderexponentis nearaparticular
value.Weshow anexamplebandof

Þ� � � - � of width � ! D�s D + , byselecting
Þ� ! � Dýs � ¹ÊDýs D 6

in figure10afor therecordof whitenoise.Thenumberof locationsthatfall within theband
rangevisibly growswith scaleandthis growth determinesthedimension� � � � which can
beassociatedwith theparticular

Þ� , at thebandresolution� .
Such � � � � canbeestimatedfor theentirerangeof � , resultingin theso-calledspec-

trumof singularities. It is a standardway of visualisingthedistributionof singularities- it
givesthe(fractal)dimension� � � � of thesupportingsetof singularitiesfor eachexponent
value � in thetimeseries.� � Þ� �Ù! < �øq ��­*� � ¯���� 0 ��� � � � �}| \ � � � � \ c h t u j �¦| S������� � S����©�áIâ � � S�T,V � � � � Þ� � -�æ�ç �e���SUT3V � - æUç � 2
where��� is themeasureof thetotalnumberof locations(selectedmaxima)thatfall within
thebandof size � ataparticularscalelocation - æ�ç .

Oneadditionalmodificationto theschemeis thelinearcorrectionon the � bandwidth.
It is meantto compensatefor thedecreasingscalerangewhenshorterscalespansarecon-
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Figure10: Left: WTMM representationof a sampleof white noise. The maximaare highlightedwherethe
effective Hölder exponentreachesa particularvalueof �¿ Â®�(�*Ò Ã��²�*Ò �*� , i.e. � Âa�*Ò ��� . Right: for three
valuesof thebandwidth �5ÂÑ�*Ò �*��Q �YÂl�*Ò ���*Q��5Âl�*Ò ��Ã , the logarithmof thesumof thehighlightedmaximais
shown for eachscalewith respectto the GIH�JLK MeO axis. Consistentscalingof �d� rateis shown for M"!�Ï$#&%(')!*' of
� ÂÄ�*Ò ��� plot.

sidered.The � o ç,+ usedfor thecalculationof thespectrais thus � o ç,+ÄS�T,V � -�æUç ) - c � � .
Thedimension� � Þ� � is evaluatedin thestandardway from thescalingof the log-log

plot, as in figure 10b. Obviously the width of the bandof the exponentsis a parameter
of choice,(is subjectto arbitrarychoice)but this doesnot affect the slopeof the log-log
line within the realistic rangeof the � . Threeexamplelog-log plots for threevaluesof
� ! D�s D3D � , � ! D�s D 6 , � ! Dýs D + � , areshown in 10b. Theslopeof the log-log plot remains
practicallyindependentof the bandwidth, this is especiallytrue towardsthe small scale
limit. The vertical shift in log-log plots is of coursedueto the decrease/increaseof the
maximapointswithin theselectedbandwith its width decreased/increased.Similarly the
varianceof thelog-logplot visibly increaseswith thedecreasingbandwidth.

4.3 DirectSpectra fromthe(Bandsof) theEffectiveHölderExponentontheWTMMTree

Calculation/evaluationof direct spectrafrom the � bandsof the Hölder exponentsimply
accountsfor coveringtheentirerangeof the local effective Hölderexponentsdetectedon
the maximatree. In figure 11, we show the entire � � Þ� � spectraevaluatedfor the white
noisesampleof 16k lengthandfor therecordof healthyhumanheartbeatintervalsof equal
length. We usedthebandwidth of � ! ¹zD�s D 6 . Thewidth of thespectrumof white noise
is non-zero,asis inevitablefor thefinite lengthsample;still theheartbeatsampleclearly
showsaconsiderablywiderspectrum,confirmingrecentlyreportedfindings



.

Dueto thefactthat it relieson selectinga verynarrow bandof exponents,this proce-
dureis, however, inherentlysensitive to the choiceof parameterssuchasthebandwidth
andthedensityof samplingof thescaleaxis. While the latterequallyaffectsthepartition
functionmethod,it doesnot poseany seriouslimitation sinceit canbe increasedat will,
only addingto computationcosts.In thecaseof thebandwidth � , only inherentto thedi-
rectmethod,wewould,however, needto beassuredof someelementarydegreeof stability.
Theexperimentsindicatethatthespectrumobtainedremainsstablefor a wide choiceof �
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Figure11: Themultifractalspectrumcalculateddirectly from thescalingof thehistogramof theHölderexponent
on themaximatree.Left for thewhitenoise,right for theheartbeatintervals record.Bandwidth 0.01.

without lossof quality. An exampleis shown in figure12 left, wherespectraarecalculated
with � ! Dýs D + , � ! Dýs D 6 , � ! D�s D3D � .
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Figure12: Left: thedirectmultifractalspectrumshows reasonablestability with respectto variedbandwidth � .
Shown areoverlappedcases�äÂg�*Ò ��� , �äÂg�*Ò �*� , �äÂ��*Ò ����Ã . Right: thedirectmultifractalspectrumof thefBm
sampleof H=0.6is notcorruptedby the‘outliers’ - theendof thesamplesingularities,asis thestandardpartition
functionmethodspectrumincludedfor comparison.

At thecostof theslightly lower stability, we obtaintheadvantagesof thedirectspec-
trumcalculation.Thespectrumbettercaptureslocalvariationsin thescalingof the � bands,
wherethepartition functionmethodprovidesonly rough,‘outline’ informationaboutthe� � � � spectrum.In particular, thepartitionfunctionspectrumcanbedramaticallycorrupted
by outliers(e.g. theendof thesamplesingularities,resultingfrom thelineartrendpresent
in the sample). The direct methodseemsto be muchlessproneto suchbehaviour. An
experimentalverificationof this is shown in figure 12. Both typesof spectraarecalcu-
latedfor the16k recordof slightly correlatedfBm of H=0.6. This samplecontainssome
effective lineartrendin it, which resultsin the‘tri vial’ endof thesamplesingularities,see
figure9 top. Thepartitionfunctionmethodis inherentlyunableto distinguishthesesingu-
larities,resultingin awidespectrumwhichcaneasilybesuspectedof beingmultifractalin
origin. On thecontrary, thedirectspectrumquickly falls away for singularitieslower thanü ! Dýs · .
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4.4 DirectSpectra fromthe(Bandsof) theEffectiveHölderExponenton theEntire CWT

We have alreadymentionedthat the procedureof directestimationof � � Þ� � is inherently
unstabledueto selectinga very narrow bandof exponents,andthusa smallsubsetof the
maximalines perscalelevel. This is the reasonwhy it providesconsiderablylessstable
scalingestimatesthanthepartitionfunctionmethod,whichis actuallyat theotherextreme,
takingall themaximaasthesupportfor themeasureof which themomentsarecalculated.
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Figure13: Left: themultifractalspectrumcalculateddirectlyfromthescalingof the � bandof theHölderexponent
ontheentireCWT ascomparedwith thesameontheWTMM treeonly. While theleft partof thespectrumshows
similar behaviour, the right part relatedto smoothbehaviour departslargely from the WTMM case,possibly
capturingsomemissinginformation.Right: CWT directspectrashow very goodstability with respectto varied
bandwidth � . Shown areoverlappedcases�äÂÑ�*Ò ��Æ , �äÂ��*Ò �*��Ã , �äÂÑ�*Ò ����Å , �äÂ��*Ò ����Æ , �äÂÑ�*Ò ���*��Ã . Notethe
smaller

¿
rangeused.

It seemspossibleto take a middlepathin orderto calculatemorestablescalingesti-
matesof the � � Þ� � in thedirectway from thescalingof the‘selected’maximaparts.This
canbe doneby weightedselection,

�R�
replacingthe histogrambox centredat

Þ� andof �
width, with a smooth,sayGaussian,kernelof � standarddeviation,centredat

Þ� . We have
attemptedthis in a slightly differentway, makinguseof the redundantinformationcon-
tainedin the original CWT (asopposedto the WTMM usedthusfar). The comparison
of thedirectspectraobtainedwith bothWTMM andtheCWT suggestthattheCWT may
containsomeinformationlacking in theWTMM, this is especiallyevident in thesmooth
partof thespectrum.Indeed,themaximalinesprimarily restricttherepresentationto the
strongestcuspsingularities,potentially leaving out the intermediate,relatively smoother
behaviour. The CWT direct spectrashow excellentstability with respectto the � band
width variation. In figure 13, we went down to spectacular� ! Dýs D,D 6 � resolutionand
observedthemainbodyof thespectrumconservedwith only thebackgroundnoiseslowly
increasing.

5 Conclusions

We have presenteda methodof estimatingan effective Hölder exponentlocally for an
arbitraryresolution.Themethodis motivatedby themultiplicativecascadeparadigm,and
implementedon the hierarchyof the wavelet transformmodulusmaximatree. Contrary
to the intrinsically unstablelocal slopeof the maximalines, this estimateis robust and
providesastable,effectiveHölderexponent,local in scaleandposition.
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We have presenteda numberof real life examplesusingthis local exponentestimate.
The colour exponentpanelsincludedshow the intricate scale-freestructureof the time
series.Theexactimplicationsof thisstructure,of coursedependon theapplication.

In addition,we have illustratedthe possibility of the directestimationof the scaling
spectrumof theeffectiveHölderexponentandlinkedit to theestablishedpartitionfunction
multifractalformalism.Almost asstableastheglobalscalingestimatesfrom thepartition
functionsmethod,thedirecthistogramof theeffective Hölderexponentprovidesconsid-
erably more informationaboutthe relative densityof local scalingexponents,andmay
prove to be an interestingalternative in multifractal spectraestimation.In particular, we
have consideredthe direct estimationof the singularityspectrafrom the entireCWT. In
addition,to improvedstability, thesespectracanpossiblyrevealmorecompletesingularity
contentsin comparisonswith WTMM basedspectra.
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